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Abstract 

In a quantum theory of gravity spacetime behaves classically when quantum probabilities are high 
for histories of geometry and field that are correlated in time by the Einstein equation. Probabilities 
follow from the quantum state. This quantum perspective on classicality has important implica¬ 
tions: (a) Classical histories are generally available only in limited patches of the configuration 
space on which the state lives, (b) In a given patch, states generally predict relative probabilities 
for an ensemble of possible classical histories, (c) In between patches classical predictability breaks 
down and is replaced by quantum evolution connecting classical histories in different patches, (d) 
Classical predictability can break down on scales well below the Planck scale, and with no break¬ 
down in the classical equations of motion. We support and illustrate (a)-(d) by calculating the 
quantum transition across the de Sitter like throat connecting asymptotically classical, inflating 
histories in the no-boundary quantum state. This supplies probabilities for how a classical history 
on one side transitions and branches into a range of classical histories on the opposite side. We 
also comment on the implications of (a)-(d) for the dynamics of black holes and eternal inflation. 
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I. INTRODUCTION 


A quantum system behaves classically when the probability is high for suitably coarse¬ 
grained histories of its motion that exhibit correlations in time governed by deterministic, 
classical, dynamical laws. The classical behavior of the flight of a tennis ball, the orbit of 
the Earth, and the spacetime of the universe are all examples. This paper is concerned with 
the classical behavior of spacetime and in particular with its limitations in the context of 
quantum cosmology. 

Probabilities for the individual members of (decoherent) sets of alternative coarse-grained 
histories of a closed system like the universe follow from the system’s quantum state and 
dynamics. The state can be represented by a wave function (T) on an appropriate configu¬ 
ration space. The dynamics is summarized by an action (/) defined on histories which are 
curves in that space. 

Probabilities predicting classical evolution may not be available for all times and in all 
regions of the configuration space on which the wave function T is defined. A wave packet 
scattering off a barrier in one dimension provides a simple example. Suppose the center of 
the wave packet follows a classical trajectory before it hits the barrier. After clearing the 
barrier the wave function will have branched into transmitted and reflected wave packets 
which behave classically. But, during the time it is interacting with the barrier, there will 
generally be no classical behavior at all. Classical behavior has broken down during that 
time, although there is no breakdown in the classical equations. However the two domains 
of classical behavior can be connected quantum mechanically with the Schrodinger equation 
as we show in more detail in Section IIII A1 

In the semiclassical approximation to quantum cosmology, the quantum state of a closed 
universe T is specified by a wave function on the superspace of three-geometries hij(x ) and 
matter held configurations y(T) on a closed spacclike three-surface £. Schematically we 
write T = T[h, y]. In this paper we will argue on the basis of various examples that 

(a) Classical histories of geometry and held are generally available only in limited patches 
of superspace. 

(b) In a given patch states generally do not predict one classical history, but rather an 
ensemble of possible ones with probabilities for the individual histories in the ensemble. 
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(c) In between patches classical evolution breaks down and is replaced by quantum evolu¬ 
tion that supplies probabilities for connecting a given classical history in a given patch 
with any classical history in another patch. One history typically branches into many 
histories. 

(d) Classical evolution based on quantum probabilities can break down on scales much 
larger than the Planck length, and with no breakdown in the classical equations of 
motion. 

Therefore: 


• Global concepts and results of classical general relativity will generally not be appro¬ 
priate in physical situations where classical spacetimes exist only in patches of super¬ 
space. In particular notions such as absolute event horizons, domains of dependence, 
singularity theorems, etc may not be applicable. 

• In general there will be no evolution of states of a held (unitary or otherwise) through 
a foliating family of spacelike surfaces in a classical background spacetime where no 
such background exists. 


This quantum perspective on classicality can have significant implications for discussions 


of black hole evaporation and eternal inflation. We will speculate on this in Sections VI and 


VII returning in more detail to them in future papers. Here we concentrate mainly on the 


example of quantum transitions in the bouncing universes predicted by the no-boundary 
wave function (NBWF) [I]. This illustrates all of the above features in an elementary way. 
For this analysis we build on a series of papers [2H6] devoted to calculating and investigating 
the classical universes predicted by the NBWF. 

The paper is organized as follows: Section [TT] discusses the minisuperspace model and 


the regions of classical behavior in minisuperspace (MSS). Section III discusses a few simple 


examples of quantum transitions. In Section IV and [V] the quantum mechanical transition 
amplitudes between two sides of a cosmological bounce are approximated. Possible impli¬ 
cations of a quantum perspective on classicality for evaporating black holes and for the 
dynamics associated with eternal inflation are discussed in Section VI am ) VII respectively. 
Section IVIIII has some brief conclusions. 
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II. CLASSICAL PREDICTION IN THE NO-BOUNDARY QUANTUM STATE 


A. Histories of the Universe — Classical and Quantum 

We consider a minisuperspace model in which the Lorentzian four-geometries are homo¬ 
geneous, isotropic, and spatially closed on the manifold M — R x S 3 . We take a positive cos¬ 
mological constant A = 3 H 2 and a single homogeneous scalar held $ moving in a quadratic 
potential V = (1/2)m 2< f> 2 as a model of the matter content of our universe. This provides a 
simple context for illustrating the points (a)-(d) in the introduction 1 . 

The metrics of homogeneous, isotropic, Lorentzian (quantum mechanical) histories in 
standard coordinates are 


ds 2 = —N 2 (X)d\ 2 + a 2 (A)dQ 2 
= —dt 2 + a 2 (t)dfll 


(2.1a) 

(2.1b) 


where dQ 2 is the metric on the unit round 3-sphere, a is the scale factor, and dt = NdX. 
For convenience we will work with a rescaled held 0 = (An/?>) 1 / 2 Q. More details on our 
conventions can be found in Appendix [Aj 

Quantum states are represented by wave functions T on the configuration space spanned 
by the three-geometries and the held configurations on a spacelike surface E. This configu¬ 
ration space will be called superspace in this paper. Taking E to be a surface of homogeneity 


in (2.1b), useful coordinates for minisuperspace are the scale factor of the three-geometry 


which we denote by b and the homogeneous value of the scalar held 0 denoted 2 by x ■ Thus 
T = T(6, x). When there is a need to be more compact we write x A = (6, x), A = 1,2. 
Then T = T(a: A ) or even T = T(a:). 


Classical histories of the form (2.1b) are specihed by functions a(A) and 0(A) that sat¬ 


isfy the classical Einstein equation and the dynamical equations for the scalar held (A9). 


Classical histories are predicted in regions of superspace where the wave function is well 


1 We should stress that the model is not intended to be a realistic description of the universe. Realistically 
there are fluctuations away from homogeneity and isotropy. We treat these somewhat in Sections |III B| 


and VII 

2 As in our previous papers we find it convenient to maintain a notational distinction between the variables 
(6, x) spanning the configuration space of the wave function and the variables (a, 0) which describe four¬ 


dimensional histories of geometry and field. But of course, histories of the form (2.1b I are specified by 


functions (a(A), 0(A)) that define curves in configuration space (6(A), x(A)) and vice versa. 
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approximated by a sum of terms of semiclassical (“WKB”) form 

T(a; A ) » A(x A )exp[iS(x A )/h\ (2.2) 

with S varying rapidly compared to A over the region. That is roughly when 

IVa'S'I |VqH/b4|, (Classicality Condition). (2.3) 

When this classicality condition is satisfied, a straightforward generalization 3 of WKB leads 
to the prediction of an ensemble of classical histories that are the integral curves of S. That 
is, they are the solutions of the equations 


Pa = V A S 


(2.4) 


where pa are the momenta containing time derivatives that are conjugate to the x A . Each 
term defines a classical history through each point in configuration space with momentum 


determined by (2.4). The space of classical histories determined by T is thus half the 


dimension of the phase space of the theory. The probability p of the history that passes 
through x A is, to leading order in h, given by 


p (x \A(x a )\ 2 . 


(2.5) 


This is conserved along the the history a consequence of the operator implementation of the 
Hamiltonian constraint — the Wheeler-DeWitt equation [3], 

This semiclassical algorithm for classical prediction has been extensively used in quantum 
cosmology to extract predictions for cosmological observables from a wave function of the 
universe 4 . We now briefly summarise the classical predictions of the no-boundary wave 
function (NBWF) P in the above minisuperspace model. 

3 This generalization can be derived from quantum mechanics, see, e.g. [7]. 

4 In the framework of decoherent (or consistent) histories quantum mechanics in which we are working 
probabilities can be assigned to a set of alternative histories only when they decohere, that is, when 
there is negligible quantum interference between the individual members in the set (see, e.g. j8] for 
a tutorial). In many realistic situations histories following one variable are decohered by interactions 
with other variables often called an environment. However our simple minisuperspace model does not 
contain enough variables to model such mechanisms. We are therefore assuming that when decoherence 
of spacetime can be realistically modeled the probabilities will not be signficantly different from those we 
calculate here. 
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B. Classical Histories of the Semiclassical NBWF 


We have discussed the ensemble of homogeneous isotropic classical histories predicted by 
the NBWF in considerable detail in M- Here we offer a brief summary of those results. 

The NBWF T[h,x] is formally given by an integral over histories of geometry g and 
fields 0 on a four-disk with one boundary £. The contributing histories match the values 
(h(x), x( x )) 011 £ and are otherwise regular. They are weighted by exp(— I/ft) where I[g, 0] 


is the Euclidean action (Al) - (A2) for gravity coupled to the scalar held. The sum is 
taken along a complex contour chosen so that the defining integral converges and the result 
is real so that the NBWF is time neutral. Implemented for the homogeneous isotropic 
minisuperspace model defined in Section [H] the sum defining T(5, y) is over those A r (A), 
b( A), and 0(A) that define regular geometries and fields on the disk and match (6, y) on the 
boundary. 

In some regions of superspace the path integral can be approximated by the method of 
steepest descents. There the NBWF will be approximately given by a sum of terms of the 
form 

T(6,y) « exp [—/(&, y)/h] = exp{[-I R (b, y) + iS(b, x)]/ft}, (2.6) 

one term for each complex extremum of the action that is regular on the four-disk and 


matches the real values (b, y) on its boundary. (See (A6) for the equations that determine 
these extrema.) The functions /r(&, y) and —S(b, y) are the real and imaginary parts re¬ 


spectively of the Euclidean action evaluated at the extremum, /(&, y). Eq (2.6) has the 


semiclassical form (2.2). Hence, in regions of superspace where S varies rapidly compared 
to Jr, we predict a one parameter ensemble of classical histories, one through each point 


(b, y) in the region that the approximation holds. As in (2.5), the NBWF probability for 
the history passing through (6, y) is proportional to exp[—2 /r( 6, y)/h]. 

The one parameter ensemble of classical histories could be labeled by the value of y at 
some fiducial value of b. But for consistency with our earlier work we prefer to label the 
histories by 0o which is the absolute value of the scalar held at the south pole of the complex 
saddle point to which the classical history corresponds [2]. A remarkable property of the 
classical ensemble predicted by the NBWF is that all classical histories have an early period 


of scalar held driven inflation mm- During inflation the classicality conditions ( ]2.3[ ) hold 
and, in the h = c = G = 1 Planck units that we use throughout, these solutions take the 
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approximate form 


X{t) = </>o - mt/ 3, (2.7a) 

- . (2.7b) 

This is just a subset of the usual family of inflationary solutions to the classical slow roll 
equations for a quadratic potential. The individual histories are labeled by 0 O whose range 
we take to be bounded above by the Planck scale at 0 O ~ 1/m beyond which our methods 
of calculation probably no longer apply. The NBWF probability that the history labeled 
by 0o occurs is 

Pnb(4> o) oc exp[-2/fl(0 o )/ft] (2.8) 


b(t) = 


2m0o 


exp mcpot 


where Jr(0o) is the real part of the action of the saddle point corresponding to 0o- 

The number of efolds N is N ~ 0q. Figure [l] shows a few examples of different 
types of classical histories in the ensemble for this minisuperspace model when the ratio 
/i = (3/A) 1 / 2 m >3/2. The trajectories shown in this figure were obtained by naively ex¬ 


trapolating the classical histories (2.7) both to the future and into the past of the slow roll 


era using the classical equations (A9). (We will see below that this approximation is not 
always justified!) For values 0 O >> 0(1) the classically extrapolated histories bounce at a 
minimum radius b m ~ (m0o) -1 , never reaching a singularity [2]. By contrast for 0 O rs> 0(1) 
the classical histories begin with a singularity at infinite scalar field and zero scale factor, 
and either expand forever or recollapse to another singularity 5 . 


The NBWF is real. This means that for every saddle point of the form (2.6) there is also 
a complex conjugate saddle point with S replaced by —S' giving rise to a second ensemble 
of classical histories. Reversing the sign of S is the same as reversing the direction of time 


[cf. (2.4)]. For every classical history in the first ensemble, therefore, its time reversed is in 


the second with the same probability (2.8). If we think of one set of histories as expanding, 
in the other set they are contracting. The classical ensemble predicted by the real NBWF 
consists of the union of both sets. As we will show in Section |IV[ it is possible to think of a 
classical history in one ensemble as ‘connected’ by a quantum transition to a classical history 
in the other ensemble to make a complete quasi classical history of a bouncing universe. 


5 If y > 3/2. There turn out to be no classical histories with 0 < 0o 1 [Si. 
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FIG. 1: A history is a curve in minisuperspace not necessarily single-valued in any variable. Clas¬ 


sical histories are particular curves satisfying the classical equations of motion (A9). Three kinds 


of classical cosmological histories are shown: Bouncing histories that contract to a minimum ra¬ 
dius b m and then re-expand, never reaching a singularity (black curve). Histories that start at a 
singularity at infinite scalar held x and zero b can expand forever (red) or recollapse to another 
singularity (green). 

C. The Region of Validity of the Semiclassical Approximation 


Classical histories follow from the semiclassical NBWF only in regions of superspace 


where S varies rapidly compared to Jr - the classicality condition (2.3) 


To approximate the region where the classicality conditions hold we use a simple analytic 
approximation to the Euclidean action of the complex saddle points associated with the 
classical histories ( 2.7[ ). The saddle points have a representation in which a slightly deformed 
four-sphere of radius (m0o) 1 is joined smoothly onto a Lorentzian inflationary spacetime 


of the form (2.7). The Euclidean four-sphere region approximately determines Ir whereas 


the Lorentzian regime provides the main contribution to S', yielding 

m\b 3 


Ir(P, x) 


7T 


(2 mxf 


S(b, X ) 


(2.9) 













4>0 't’o 



FIG. 2: Classical prediction in minisuperspace. We expect no classical behavior when the field is 
above the value y p i ~ 1/m corresponding to the Planck scale field energy density. The classical 
equations of motion are well defined over the whole of the region b > 0, y < Xpi ■ But in this 
region the NBWF probabilities only predict classical behavior in the unshaded patch where the 


classicality condition holds according to (2.11). In that region two representative classical histories 


b = b(x) are shown. These are labeled by (f>o which increases from low x to high x ■ There are 


quantum transitions between these histories as described in Section IV 


From this [3] one easily calculates 

V x /r 


V ;y S 


(VI *) 2 


(i m X bf ’ (VS) 2 (mb X fx 2 ' ^' 10 ^ 

Here \7 a denotes the superspace derivative and inner products are in the superspace metric 


(|B2|). Requiring the left hand sides of (]2.10|) to be much less than unity requires, for y > 1, 

( 2 . 11 ) 


that 


b > _ 

and a slightly stronger inequality for y < 1. 

Since each history has an early inflationary phase driven by an effective cosmological 
constant with 

H eS ((f) o) = rn<f> 0 (2.12) 
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we can rewrite the condition for classicality (2.11) in the following intriguing way 


S ds < A(b). 


(2.13) 


Here, Sds = n /H^ s is the effective deSitter entropy pT] and A(b) = 47t 6 2 is the area of a 
maximal two-surface in a spatial section. In this form the condition for classicality in the 
NBWF ensemble is similar to the holographic entropy bound [12] . Since the NBWF can be 
formulated holographically [13] it is not entirely out of the question that this is more than 
a numerical coincidence. 

Figure [2] shows the region of superspace where the classicality condition holds according 
to (2.11) along with two representative classical histories in the large (fro domain. When 


extrapolated classically each history would bounce at a minimum radius b m ~ (m0o) -1 , as 
discussed above. However we now see that a classical extrapolation of the histories through 
the bounce is not justified in quantum cosmology, because the wave function does not predict 
classical behavior in the regime where the bounce occurs. 


D. The Breakdown of Classicality, the Planck Scale, and Classical Equations 


Eq (2.11) shows that classicality breaks down when the radius of the universe becomes 


less than 


mx 


(2.14) 


In the Planck units used in this paper the potential energy V = (1/2)m 2 y 2 reaches the 
Planck energy ~ 1 when the scalar field is y ~ (1/m). The classicality bound on the radius 


(2.11) is 1 —one Planck length. The semiclassical approximation plausibly breaks down 


when Planck energies are reached. But (2.14) shows that the classicality condition also 


breaks down for smaller values of x 'well below the Planck scale. Hence there is a regime 
of radii much larger than the Planck length where classical evolution does not emerge from 
the NBWF. 

Next consider the classical equations of motion. The Lorentzian equations of motion 


(A9) and their solutions remain well behaved in the region where the classicality condition 


is not satisfied. Indeed, in [2] we computed the trajectories of the bouncing histories (cf. 
Fig jTj) using the classical equations of motion. That is, we extrapolated a classical history 
from the region of superspasce where the classicality holds into the small b ~ b rn region 
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where it breaks down without any problems. As we said there “We will assume that once 
classical histories have been identified in a region of minisuperspace where the classicality 
condition holds they can be extrapolated to regions where it does not hold using the classical 
equations of motion until they become classically singular. That is an assumption which can 
in principle be checked in the full quantum mechanical theory.” This paper can be regarded 


as making that check, and eq. (2.11) shows it is far from obvious that classical extrapolation 
through a bounce is a good approximation to the quantum mechanical evolution. In fact, 
a classical extrapolation through the bounce is not precisely invariant under time reversal 
[2]. This is already an indication that there should be some quantum corrections because, 
as discussed above, the ensemble of classical histories predicted by the NBWF consists of 
two copies of the same ensemble. 

In a quantum universe classical predictability is a matter of high quantum probabilities 
for histories with deterministic correlations in time. The lack of classical predictability is 
not a matter of the classical equations of motion. The magnitude of quantum probabilities 
cannot be reliably diagnosed from the classical equations of motion for cosmology any more 
than it can for any other quantum system, ft requires a quantum mechanical analysis from 
the system’s quantum state like the semiclassical NBWF in this paper, such as given in 
Section 111 Cl 

We emphasize that histories of (a, 0) do not end simply because a semiclassical approx¬ 
imation breaks down. Histories are defined on the whole of the manifold M = R x S 3 . A 
history need not be all quantum or all classical. A history may be classical in some regions 
of configuration space but not generally where the classicality condition is not satisfied. 
What a history does when not classical is a matter of quantum mechanical probabilities 
supplied by the wave function T. In the next Section we will show that these probabilities 
allow histories to make probabilistic quantum transitions through the region of semiclassical 
breakdown between different histories in the classical region of superspace. In this way we 
are led to a quantum version of a bounce. 


III. QUANTUM TRANSITIONS EXAMPLES 

To drive home the point that classical predictability can break down even when the 
classical equations of motion do not, we consider two familiar elementary examples — barrier 
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penetration and the cosmological amplification of quantum fluctuations. These are analogs 
of quantum transitions across bounces in cosmology in this respect but not in all. They 
differ for example in the physical mechanisms that give rise to the quantum corrections. 


A. Barrier Penetration 


Barrier penetration in non-relativistic quantum mechanics provides a very simple model of 
ensembles of classical histories connected by quantum transitions. Consider a single particle 
of mass M moving in one-dimension (x) in a potential V(x) that is a barrier at around x = 0 
and zero far away). Suppose that at t — to the state is a wave packet '0(x o ,po)( a: > ^o) centered 
around a large negative position xo and a positive momentum p 0 with widths consistent 
with the uncertainty principle. Assume that all times of interest are small enough that wave 
packet spreading can be neglected. 

The center of the wave packet initially moves on a classical trajectory 

x(t) = x 0 + p 0 (t - t 0 )/M. (3.1) 


Coarse grain position at one time by a set of intervals A a , a = 1, 2, • • • with each interval 
wider than the width of the wave packet. A history of position is given by a sequence of 
intervals a = (aq, aq, • • • a n ) at a series of times 1 1 , • • • ,t n . Up until the time t b that the 
wave packet first interacts the barrier this state will predict one classical history following 


(3.1) with near unit probability. By a later time t' b the wave packet will have split into 
a reflected wave packet and a transmitted wave packet outside the barrier each centered 


around a classical trajectory like (3.1) but with different values of xq and pq. The integrals 


of the squares of the wave packets give the probabilities that the particle is reflected or 
transmitted. 

Thus before t b there is a classical ensemble consisting of one classical history which has 
probability 1. After t' b there is a classical ensemble consisting of two classical histories 
with probabilities that are the reflection and transmission probabilities for the barrier. In 
between these two times the particle does not behave classically. To connect the two classical 
ensembles we solve the Schrodinger equation or, equivalently, calculate the propagator, 


(x',t' b \x,t b ) = 


8x exp[i<S[x(f)]/ft], 


(3.2) 
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where the path integral is over particle paths that connect x at tb to x' at t' b . The propagator 
defines a quantum transition matrix between histories of the classical ensembles before tb 
and after t' b . The one initial classical history before is connected probabilistically to the two 
histories afterwards. 

By way of example, consider the transition between the initial wave packet il>(xo,po)(x,to) 
at to < tb described above and a second similar wave packet ip{xi,pi){x,t-\) at t\ > t' b . The 
transition amplitude between these states is 

-^(xo.po)—>(xi,pi) J dx J dx ^(x^pi) (x j ^ 1 ) (x , t\\x, to)t/^(a;o,po) (xj to) • (3-3) 

This can be regarded as the transition amplitude between the two classical histories labeled 
by (xo,po) at to and (xi,pi) at t\. The transition probability is the square of this amplitude. 
If the wave packets are sufficiently narrow in x this will be proportional to |(xi, ti\xo, to)| 2 - 
The four points (a)-(d) stressed in the Introduction are explicitly modeled by barrier 
penetration as follows: 


(a) For the given initial state classical histories of the particle are available only in the 
two patches of (t, x)-space, t < tb and t > t' b . 

(b) In the patch t < tb there is a classical ensemble with only one coarse-grained classical 
history having probability 1. In the patch t > t' b the classical ensemble consists of two 
classical histories with probabilities that the particle is reflected or transmitted. One 
history goes into many. 


(c) In between patches classical predictability breaks down and is replaced by quantum 


evolution summarized by (3.2) with gives probabilities for transitions between the 
classical histories in the two patches. 


(d) The classical equation of motion Mdx/dt = —dV/dx does not break down anywhere 
anytime. It remains well defined but it gives an incorrect answer — either reflection 
or transmission depending on the initial momentum. 


B. Cosmological Fluctuations 

The evolution of linear fluctuations about a homogeneous, isotropic background cosmolog¬ 
ical geometry provides another example that nicely illustrates the implications of a quantum 
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perspective on classicality. We merely sketch the argument here referring the reader to [I] 
for details. 


To describe the quantum evolution of perturbations away from closed, homogeneous 
and isotropic three-geometries and field configurations we consider a minisuperspace model 
consisting of the scale factor b , the homogeneous value of the scalar field y, and parameters 
z = (zi,Z 2 ,---) specifying perturbation modes. Thus, T = T(&, y, z). We use the NBWF 
as a model state. Its semiclassical approximation is given by ( 2.6[ ) but now with an action 
that includes the fluctuation degrees of freedom. Expanding the saddle point action in the 
fluctuations gives 

I(b,x,z)=I { °\b,x) + I {2) (b,x,z). (3.4) 

where I ^ is quadratic in Ts. From this and (2.6) we can identify a wave function for the 


fluctuations in the semiclassical approximation 


oc exp[-/ l2) (f),x.^)A]' 


(3.5) 


When evaluated on one of the homogeneous isotropic classical histories (b(t), y(f)) predicted 
by the background wave function, we get a time dependent wave function for the fluctuations 
evolving in this background 6 . 


tl>{z,t) = tl>{b{t),x{t),z). (3.6) 

As shown in a variety of ways (see e.g. [H]), the Wheeler-DeWitt equation then implies a 
Schrodinger equation for -0(z, t) 

=H ( t W z ' t ) m ( 3 - 7 ) 

The time dependent Hamiltonian describes the evolution of the state of the fluctuations in 
the background ( b{t ), y(t)). In this way, the fluctuation fields can be thought of as quantum 
fields on the possible background classical spacetimes. We have recovered quantum field 
theory in curved spacetime. 

Classical histories of fluctuations are predicted in patches of fluctuation minisuperspace 
where the classicality conditions are satisfied for the action I^(b,x,z). For a given mode 

6 This can be more carefully derived from the defining functional integral for the NBWF, see [4]. 


14 








z this occurs approximately at the time when it leaves the horizon, that is, when the wave¬ 
length of the mode exceeds the Hubble radius at that time. 

Thus initially in t we have an ensemble of homogeneous and isotropic classical histories 
as before, now augmented by non-classical fluctuations z described by a quantum wave 
function ip(t,z). As time progresses the homogenous isotropic classical geometries branch 
into an ensemble of perturbed geometries with different classical fluctuations. This illustrates 
the observations (a)-(d) in the Introduction as follows: 


(a) For a particular fluctuation mode a classical history is available in a limited region of 
superspace at a sufficiently late time after the mode has left the horizon. 

(b) The classical ensemble consists of homogeneous, isotropic backgrounds with many 
modes of classical fluctuations. 


(c) Before the time when a mode becomes classical, its evolution is described by the 


Schrodinger equation (3.7). 


(d) The linear classical equations for fluctuations do not break down. It is only that they 
are not implied by quantum mechanical probabilities until the mode leaves the horizon. 


IV. QUANTUM BOUNCES 


A. Quasiclassical Histories of the Universe 


In Section IIB we reviewed how the NBWF in the large volume regime predicts two 


identical sets of classical, inflationary, asymptotically de Sitter histories. One set of histories 
is expanding, the other set is the time-reversed and thus describes contracting universes. 


But we have also seen (cf. Section IIC) that classical evolution must break down in the 


no-boundary state at small volume, when the size of the universe is comparable to the scale 
set by the effective cosmological constant. In particular we showed in [2] that the expanding 
and contracting histories in the classical NBWF ensembles are not connected by classical 
evolution across a bounce, even when the classical extrapolation describes a bouncing history 
where the curvature is everywhere low, and the classical equations remain everywhere well 
defined. That is, the classical extrapolation across a bounce of a history in the first set 


15 





does not yield a member of the second set. The asymptotic time-symmetry 7 implied by the 
NBWF therefore leads to quantum corrections to the classical evolution in the region of the 
bounce 8 . 

In this section we estimate the quantum transition between the expanding and contracting 
branches of the NBWF. The resulting histories will be quasiclassteal histories on the manifold 
R x S 3 that describe a phase in which the universe contracts classically from large to small 
volumes and executes a quantum transition through a “bounce” to (a range of) classically 
expanding NBWF histories on the far side. 


B. Parametrized Proper Time 


To carry out the construction of a quantum connection between the two NBWF ensembles 
of classical histories we introduce a ‘ideal clock’ variable t so that t —y ±00 labels the two 
asymptotic ensembles on opposite sides of the bounce 9 . A standard way of doing this is to 


define a proper time coordinate by dt = NdX in (2.1b) and promote that to the status of a 

J. This process, called ‘parametrizing 


canonical variable with a conjugate momentum p t 
the proper time’, is described in Appendix [Bj The resulting theory is t —reparametrization 
invariant with a consequent constraint of the form 

p t + H(p A , x a ) = 0 . (4.1) 

Here x A = (b,x), Pa are the conjugate momenta, and H(pa,x a ) is the usual Hamiltonian 


constraint for these MSS models (B3). Thus we are in an extended minisuperspace MSSt 
spanned by ( x A ,t ). The quantum state now becomes a function of t as well as of the x A , 


T = T(;r , t) . Expressing the momenta in (4.1) as operators and fixing an operator ordering 


we find that the operator form of the constraint becomes the Schrodinger equation 


<9T 

ih— — H I -ih 


dt 


d_ 
J dx A 


,x 


T. 


(4.2) 


' Individual histories need not be time-symmetric, but their time reverse must also be a member of the 
ensemble with the same probability. Hence the time-neutrality of the no-boundary quantum state implies 
time symmetry in a statistical sense. 

8 Because the NBWF predicts the same classical ensemble on both ends it can also be thought of as imposing 
both initial and final quantum states in a time neutral formulation of quantum mechanics that allows these 
|3 1251, [25]. This has an effect on the evolution near the bounce. 

9 We sometimes refer to ‘initial’ negative values of t and ‘final’ positive ones. But as we shall see the 
ensemble of predicted histories is time symmetric. 
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The NBWF can be thought of as a particular time independent solution of this equation. 

The time t can be thought of as a matter degree of freedom that keeps track of proper 
time and has a Hamiltonian that is linear in the momentum with a spectrum ranging over 
the whole real line 10 . The explicit form of this equation for our extended minisuperspace 


model is given in (B8). We now use it to provide a quantum connection between the classical 


histories in the ensembles at large positive and negative values of t. 

Introducing a new degree of freedom is a departure from the action used to calculate 
the classical histories of the NBWF. However, we intend to use it only to estimate the 
transition probabilities between classical histories in the two NBWF ensembles. We will 
give arguments below that introducing this clock variable should yield reasonable estimates 
of these probabilities 11 . 

C. Asymptotic Classicality 


The Schrodinger equation (4.2) implies classicality at large values of b at asymptotic values 


of t. To show this we calculate the semiclassical (WKB) approximation to its stationary 
states 

Toe exp [i(W{x,E)-Et)/h\. (4.3) 

Here, to leading order in h, W(x,E) obeys the classical Hamilton-Jacobi equation 

'dW 


H 


dx A 


,x 


= E . 


(4.4) 


The specific form of this equation for our MSS model is given in ( |B 10 ). For the semiclassical 
approximation to the NBWF set E = 0 and then S(b,x ) = W(b, y). 


For large values of b the solutions of the Hamilton-Jacobi equation (4.4) can be expanded 


in powers of b. We investigated this expansion [TS] for essentially this MSS model in [EL 2D] - 
The first three leading terms are universal. (We need only the leading term). For large b 
and small values of y we found 


w(b,x) = jb 3 + ^\-x 2 b 3 + 0(b 2 ) 


(4.5) 


10 As is well known m , negative energies must be allowed to have a matter variable keep exact track of the 
time in the Schrodinger equation. 

11 An alternative that does not introduce any other degrees of freedom would be to investigate the evolution 
of wave packets in MSS as in im. It would be of interest to explore this connection. 
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where A± = (3/2) (1 ± y/l — 4m 2 /(9 H 2 ) and we assume ranges of m and H where this is 
real 12 . The effect of the constant E shows up in lower order terms in the expansion of order 
log(6). Therefore it has a relatively small effect on the asymptotic behavior. Therefore at 


large b the action W in (4.3) is varying rapidly so these states will each predict an ensemble 


of asymptotic classical histories that are solutions of naim 


db 

dt 


1 dW d X 
b db dt 


1 dW 

b 3 dx 


(4.6) 


Thus, in this MSS model, the Schrodinger equation (4.2) naturally implies ensembles of 


classical histories at large times ±t when b is large. For the NBWF we recover in this way 


the asymptotic form of the subset of classical histories (2.7) in the NBWF ensembles which 


continue to expand as t —> ±oo. Asymptotically the expansion is not driven by the scalar 


held potential energy but by the cosmological constant. Hence the solutions of (4.6) are 
asymptotic deSitter spaces with different histories of a decaying scalar held. 


We now use the Schrodinger equation (4.2) to estimate the quantum transition proba¬ 


bilities between members of both classical ensembles at large negative and positive t. See 
Figure [3j 

D. Transition Amplitudes 


The quantum transition amplitude between two classical histories is specihed by the 


Schrodinger equation (4.2), or equivalently, by the propagator between two points in MSSt, 


K(x", t"\x', t') = / Sx exp {iS p [x(t)]/h}. 

J [x't' ,x"t"] 


(4.7) 


Here, x = (b, x) labels a MSS point and S p is the action associated with the Hamiltonian 


in (4.2) i.e. the gauge hxed, time-parametrized action for Lorentzian MSSt histories (B5). 


The sum is over all paths x A (t) in MSSt that are single valued 13 in t and connect (x',t') to 


(x",t"). Interchanging (x',t') with (x",t") reverses the sign of the action in (4.7) with the 
result that 


K(x ,t \x ,t ) = K*(x ,t'\x ,t") . 


(4.8) 


12 Realistic values of m and H are not in this range but we aim at a tractable model 1 . 

13 This simplifying assumption is in fact not an assumption, see [7] Sec 7.3. 
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FIG. 3: An embedding diagram that schematically shows a single initial classical contracting 
universe (bottom) that makes a quantum transition to any one of an ensemble of final classical 
expanding universes (top) with different probabilities. The universe contracts to a size given by 


(2.14) and approximately reemerges at the same size after a quantum transition in the intervening 


region. A slice of this figure is shown in Fig [4j One can think of parametrized proper time t as 
running from the bottom of the figure to the top. 


We hope that the analogy with barrier penetration in Section III A is evident and supportive 


The constraint equation (4.2) is analogous to the Schrodinger equation, and the propagator 


(4.7) is analogous to (3.2). 


To estimate the transition amplitude T(0 q, 0' o ) between two classical histories labeled by 


0o and 0o we pick points on the different histories and evaluate the propagator (4.7) between 
them. To get a rough estimate it is convenient to pick these points in regimes of superspace 


where (i) the classicality condition (2.14) is satisfied, and (ii) in the slow roll regime of 


each history where (2.7) is valid. (Then intersections between histories can be ignored.) 
We assume that this region is large enough that the transition probabilities stabilize as the 
points are moved to larger times along the histories in this regime thus defining a transition 
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FIG. 4: This figure shows a single classical history (bottom) labeled by <f>' 0 making a quantum 
transition to an ensemble of classical histories on the other side of a bounce (top). The vertical 
axis is essentially the parametrized time t but labeled more usefully by H e gb multiplied by the sign 
of t. H e g- = m(j)Q is the effective cosmological constant near the bounce. The horizontal axis is the 


scalar field %. The classicality condition (2.3) is not satisfied in the shaded region and classical 
histories are not predicted there. The curves in the top half of the figure are members of one 
classical ensemble and the one in the bottom half belongs to the time reversed ensemble. The 
single history at the bottom contracts until it reaches the shaded region defined approximately by 


(2.14) where the classicality condition is not satisfied. It then makes a quantum transition to one 
of a final ensemble of expanding histories (top) distinguished by values of cf> q. The transition is 


mediated by the propagator (4.7) which is a sum over all the histories connecting points on the 


initial and final histories — classical or not. An estimate of the transition probabilities is (4.16). 
The largest probability is for a transition to the time-symmetric expanding history (as suggested 
by the shading). 
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amplitude between histories and not just between points 14 . 

We thus obtain a transition matrix between classical histories that in many ways is 
analogous to an S-matrix. Since physically we cannot specify the points to arbitrary accuracy 
we smear the propagator with functions e^ Q (x) that extend over a width cr -1 around the point 
x on history 0o with the value of o large compared to the scale on which 0o varies significantly. 
This can also be thought of as part of the coarse-graining necessary for classicality. The 


result is [cf. (3.3) 


j) , ljm / dr" / dx'el.,(x")K(x",t"\x' 


(4.9) 


t',t" large . 

assuming the limits as above. The transition probabilities between classical histories are 
related by 

Ptrans(0o,0o) OC |T(0", <j! Q ) | 2 . (4.10) 


These are symmetric under interchange of 0 q and 0' o as a consequence of (4.8) expressing 
the time symmetry of the NBWF classical ensemble. 

We now make a crude estimate of these transition probabilities in the MSSt model and 
deduce a few features of the resulting ensemble of bouncing histories. To estimate the 
propagator we consider the wave function on a surface at a fixed value of the scale factor b 
near the boundary of the classical region (cf. Fig. [2]). We consider two classical histories 
labeled by 0 q an d Go with scalar held values x" an d x' a distance A = x' ~ x" apart on this 
constant scale factor surface. 

The classical extrapolations through the bounce discussed in [2j suggest the scale factor 
does not significantly change across the bounce. Therefore it seems a reasonable approxima¬ 
tion to take b to be constant across the quantum transition. Then the propagator defined 
by ( |4.7[ ) is, up to multiplicative constants, that of a harmonic oscillator with mass squared 
m 2 6 3 [cf. (B12)], i.e. 


K(x", x', ta) oc exp [ iA(x " 2 + x' 2 ) - iB X "x'\ 


with 


r/mb 3 

A = —-— cot (mtd) , 


B = 


t]mb 3 
sin (mtd) ’ 


t d = t" - t', 


(4.11) 


(4.12) 


14 Greater accuracy could possibly be obtained by tracking wave packets following each history (cf. [171). 
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where recall r] = 3n/2. There is, of course, a known prefactor to (4.11). But it turns out 
that it is the exponentials that are important for our estimate. For brevity, that’s all we 
indicate in most formulae in this section. 


To estimate the transition amplitude (4.9) we first make the following definitions 

A = X " 


X = + X'), 


X 


(4.13) 


We then smear around the values x! and x" with the Gaussians 


e^'CV) oc exp [—cr(x' - (x + A/2)) 2 ] , e^fo") « exp [-a(y" ~ (x ~ A /2)) 2 ] (4.14) 

where we take a to be sufficiently large. The integrals defining the transition amplitude 


(4.9) can be evaluated analytically. The result is 

(~iaB(x + A/2) + 2cr(y - A/2)(a - iA )) 2 


T oc exp 


4(cr — iA)(c r 2 — A 2 — 2iAo + B 2 / 4) 


- 2<t i y + A i + 


^ 2 U + A/2) 
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a — iA 


(4.15) 


If we take t, ( j to be the time a classical bounce would take, i.e. G = b, then the coefficients 


(4.12) become A « B/2 ~ ijb 2 f 2. In this approximation the transition probabilities (4.10) 
are given by 

(4a 4 (y - A/2) 2 - 4a 2 5 2 x 2 )(4a 3 - 2 aB 2 ) + 48 a 5 B 2 x(x ~ A/2) 


Ptrans(0o, 0q) »C exp 2 


16a 6 + 20a 4 5 2 + 4 a 2 5 4 


-2a[x 2 +A l + 


^ 3 (x+A/2)' 
a 2 + B 2 /4 


For sufficiently narrow smearing functions (4.14) this is approximately 

?/ 2 A 2 6 4 ’ 


Ptrans(0o, OC exp 


a 


(4.16) 


(4.17) 


As expected the quantum transition probability to a classical history with a different 0o 
decreases with the difference A in y, or equivalently, with the difference in 0 q. 

One may wonder whether our analysis also applies to the region around the bounce at 
maximum scale factor in recollapsing universes. As we showed in [3], recollapsing universes 
occur in the NBWF ensemble at low values of 0o ~ 0(1) if /J > 3/2. The classicality condi¬ 


tions break down near the maximum. However (4.17) shows that the transition probabilities 


between different histories decrease with increasing scale factor, so we can safely conclude 
that the classical evolution of recollapsing universes near the turning point of the scale factor 
is an excellent approximation to the quantum evolution of the state. 


22 





















V. PROBABILITIES FOR BOUNCING HISTORIES 


An individual quasiclassical history in the no-boundary state can be labeled by (0 q, 0q), 
where (p' 0 labels the initial (contracting) member of the NBWF classical ensemble and 0 q 
labels the final (expanding) classical NBWF history. Both classical patches are connected 


by a quantum transition between them as we discussed in Section IV We now discuss the 
probabilities for which of these histories occur in our universe. 

The probability that the history of our universe has an initial classical segment (p' 0 and 
a final classical segment 0will be proportional to the probability Pnb^'^Pnb^o) that 


the classsical segments occur (cf.(2.8)), multiplied by the transition probability Ptrans(0o, 4>' 0 ) 
between them, viz. 


p(0o, trans , </>o) = PnbMp trans (00, 0 o)PV j b(0o) 


(5.1) 


Consistent with the time neutrality of the NBWF, this formula is symmetric under in¬ 
terchanging (p' 0 and <f>Q, or, put differently, with interchanging initial and final or interchang¬ 
ing expanding and contracting 15 . The ensemble of quasiclassical bouncing histories in the 
NBWF is time symmetric. However the individual histories need not be time-symmetric, 
because the asymptotic behaviors of the expanding and contracting classical ends are dif¬ 
ferent for different <pQ. But for every history in the ensemble the time-reversed is in the 
ensemble also, with equal probability. 


The time symmetry of (5.1) shows conclusively that there is a risk in extrapolating with 
classical equations through regions of configuration space where their use cannot be justified. 
We did that in [2j and found an asymmetry between the two asymptotic regions that does 
not occur in this quantum mechanical treatment. 


The probabilities (5.1) are probabilities for the histories to occur 16 . From these various 
conditional probabilities may be constructed. For instance, suppose by measurements of the 
expansion we determine that our late time classical history is 0 q. What is the probability 
that this present history arose from a quantum transition from an earlier classical history 


15 In comparing this expression with ones from elementary scattering theory the reader should keep in mind 
that effectively we have both initial and final quantum states. 

16 They are third person or bottom up probabilities in the terminology of e.g. |31] , 
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(p o? This is given by the conditional probability 

P{(/>o\<t>o) = P{4> 0 , 0o)/p(0o) = Ptrans(0o, 0 oWb(0o) • (5.2) 

Such probabilities for our past on the opposite side of a bounce are unlikely to lead to 
testable predictions today for at least two reasons: First, as we discussed in [2j, in a fully 
four-dimensional, history based, formulation of quantum mechanics, we do not need to trace 
our history arbitrarily far back in the past to get predictions for the present. The presence or 
absence of a bounce or singularity prior to slow roll inflation does not affect the predictions 
of the CMB today. Second as, we argued in |9j, the physical arrows of time point away 
from the bounce on both sides consistent with overall time symmetry. To have an effect on 
our observations, signals from events on the far side would have to propagate backwards in 
the time direction defined by the thermodynamic arrow there and then through a quantum 
epoch where the notion of a classical spacetime background is not available. 


VI. BLACK HOLES 


We now briefly comment on the implications of the quantum perspective on classicality 
that we have developed for the formation and evaporation of black holes. Our aim here is not 
to provide answers to well known open questions about black hole evaporation. Rather we 
illustrate how the questions change when the observations (a)-(d) listed in the Introduction 
are taken into account. 

We begin by sketching a quantum mechanical description of the process of collapse and 
evaporation. For simplicity we take the cosmological constant to vanish. The quantum 
state is then described by a wave function T on a configuration space of asymptotically 
flat three-geometries on R 3 , represented by asymptotically flat three-metrics h, :] (x), and 
asymptotically vanishing configurations of a single scalar field, x(T). Thus T = t] 

where t is the time at spatial infinity in a particular Lorentz frame. The evolution of this 
quantum state is described in a suitable gauge by a Wheeler-DeWitt equation (WdW) of 
the form 

iU— = "HT (6.1) 


with H an operator implementation of the Hamiltonian constraint. This is of the same 


form as (4.2) but not limited to minisuperspace and with a definition of the time parameter 
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t appropriate to asymptotically flat spacetimes. Any observers watching the evaporation 
are described as physical systems implied by the quantum state — not somehow outside 
quantum mechanics. 

Let’s assume that at an initial time the wave function is peaked about a nearly flat h t j , 


a weak, pre-collapse distribution of matter field y, and nearly zero values of their conjugate 
momenta. Then we expect that the evolution of the wave function will for a while remain 
peaked around a classical collapse history obeying the Einstein equation. Assume the initial 
state is such that this history eventually becomes compact enough to form trapped surfaces 
and, if extrapolated classically, would form a black hole. 

At late times we expect the state to predict classical spacetimes that include Hawking 
radiation that has been produced and remnants if any. However, in accord with point (b) 
we do not expect a transition to one single spacetime. Rather we expect an ensemble of 
classical spacetimes, all asymptotically flat, but differing at a minimum in the particular 
distribution of the Hawking radiation, the time the black hole exploded, and what the ob¬ 
servers see. Therefore, even if the initial state is arranged to predict one initial spacetime 
describing a black hole collapse, there will be an ensemble of different final classical space- 
times with probabilities in the final state. One can envision a transition matrix between 


classical spacetimes of the kind discussed for bouncing universes in Section IV 


Since we have assumed asymptotic flatness its reasonable to assume that there are regions 
of classical spacetime near 1 + and I as illustrated in Figure [5j These are connected 
quantum mechanically by the WdW equation. The natural question is how far into the 
interior do these regions of classical spacetime extend? The production of a singularity 
in the naive classical extrapolation of the initial configuration suggests that there will be 
no classical spacetime near the region of the classical singularity at Planck scale matter 
densities. However, the case of bouncing universes discussed in this paper suggests that 
the limits of classical spacetime could be at much larger radii than those determined by 
arguments based on the Planck scale. In the absence of a calculation of the relevant set of 
coarse-grained histories one should leave both possibilities open. We now describe how a 
number of questions look from this point of view: 

What is the global structure of spacetime?: There is no answer to this question since 
we do not expect to have a single globally defined classical spacetime. The questions are 
rather the following: First: In what patches of superspace does the WdW equation plus the 
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FIG. 5: A schematic representation of the quantum mechanical formation and evaporation of a 
black hole. The geometries describing this process are assumed to be asymptotically flat and 
represented here by standard conformal diagrams. Near X~ there is an initial region of classical 
spacetime and matter (red) that begins to collapse classically. In the shaded region where the 
classical equations would imply a singularity we expect the classical behavior of spacetime to 
break down. However, quantum evolution mediated by the Wheeler-DeWitt equation can still be 
expected to hold. This can provide probabilities for quantum transitions of the initial classical 
spacetime to a set of final classical spacetimes near X + differing for example by the configuration 
of the Hawking radiation. There is no notion of an absolute event horizon as the boundary of the 
past of X + because there is not enough classical spacetime to define it. There is then no causal 
obstacle to information emerging from the black hole. But the information is spread out over a 
range of final spacetimes. The diagram is in many ways analogous to Figure |4j 


initial quantum state predict classical spacetime? Second, how are histories in these patches 
connected quantum mechanically. 

Is there a unitary map between the state at Z~ and the state at X + ? The WdW equa¬ 


tion (6.1) is formally unitary. In analogy with barrier penetration and bouncing universes 
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we expect it to provide quantum probabilities for transitions between classical histories of 
geometry and field near Z~ and classical histories of geometry and held near Z + . There is 
no notion of unitary evolution of the state of a held in one background spacetime because 
there is no one hxed spacetime. Rather one initial classical spacetime branches quantum 
mechanically into many final classical spacetimes 1 '. Information in the held alone is lost be¬ 
cause of this, but WdW evolution provides no obvious mechanism to lose total information 
in geometry and held. 

Is information trapped behind a horizon? In classical general relativity the absolute event 
horizon is the boundary of the past of X + of a single classical spactime. In the quantum 
description of the process of collapse and evaporation sketched here there will be many 
different histories with patches of classical spacetime. There will be null surfaces in these 
patches (see Figure [5]). But it is possible that none of the patches will be big enough to have 
a region that cannot be connected by null rays to infinity. Then there will be no absolute 
event horizon, because there is not enough classical spacetime to construct it, and therefore 
no causal obstacle to complete information being available in the final state. 

Are remnants predicted? By remnants we mean many degrees of freedom in a small 
volume with low mass. The ‘nice slice argument’ 18 suggests that remnants will be formed 
if the patch of classical spacetime near Z~ extends far enough into the interior to reveal an 
apparent horizon that reaches a sufficiently small size. The classical equations present no 
obstacle to such an extrapolation. But point (d) shows that this is not guaranteed. Classical 
spacetime can break down in low curvature regions where the classical equations of motion 
hold. The question becomes rather whether the quantum state predicts enough classical 
spacetime to make the nice slice argument. 

A way of summarizing all this is that standard arguments assuming a classical background 
spacetime have to be prefaced by the question: “Does the quantum state imply sufficient 
classical spacetime to make this argument”. In future work we plan to return to this in more 
detail. 

17 As has been noted by many, see e.g. 301 . 

18 For example as stated in m or [22] 
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VII. ETERNAL INFLATION 


A quantum viewpoint on classicality also leads to a new perspective on the physics of 
eternal inflation [23], 

Eternal inflation concerns a phase deep into the inflationary regime of the early universe 
- high up the inflaton potential and well before the usual slow roll period - in which the 
quantum dynamics of fluctuations rather than the classical slow roll of the background held 
dominates the universes evolution. It occurs in models with a regime where the inflaton 
potential has an extremely hat patch, relative to the value of the potential, namely when 


vi < v\ 


(7.1) 


Long-wavelength fluctuations leaving the horizon when this condition holds have a large 
expected amplitude. This is because the variance of the Gaussian NBWF probabilities for 
linear huctuations (|3.5) around a homogeneous isotropic, classical background is essentially 


given by the ratio V 3 /V^. In fact, when the condition (7.1) holds the effect of the huc¬ 
tuations up the potential more than compensates for the classical roll down, even though 
the held energies are well below the Planck scale 19 . This indicates that not only linearised 
perturbation theory breaks down in eternal inflation, but also that the common assumption 
that there is an approximately classical background is not justihed. 

To illustrate this, a calculation in perturbation theory of the expected fractional change 
in the volume V(t) of a surface of constant scalar held, due to the combined effect of all 
huctuations outside the horizon, yields (e.g. B]) 


«7 t) \ „ Apw 

Vo ' 7 8 71-2 v 2 (t) 


(7.2) 


where Vo (t) = 2 tt 2 b 3 (t) is the volume of a constant held surface at time t in the unperturbed 


geometry. From (7.1) we see that the expected volume of the reheating surface in universes 


with a regime of eternal inflation typically differs significantly from the reheating volume in 
the classical background. 

It thus appears that on the large scales associated with eternal inflation, the universe’s 
evolution is in the hrst place governed by the quantum dynamics of the huctuations and their 


19 In a quadratic potential, for instance, the condition hold for <j) > 1 /yjm where V ~ 10 5 . 









back reaction on the geometry. The no-boundary state does not predict classical evolution, in 
the sense that there are no high probabilities for correlations in time given by the Einstein 
equation. It has been argued [211 - 125] that the quantum dynamics can be described by 
treating the fluctuations as a stochastic force term added to the classical equations. But 
this analysis assumes a classical background to start with. Furthermore its results merely 
point towards an inconsistency of this approach, since it was found that the quantum noise 
tends to give rise to a highly inhomogeneous - and possibly infinitely large - universe on the 
largest scales. 

The quantum dynamics of eternal inflation, therefore, challenges the basic notion of 
classical evolution. The NBWF spreads in eternal inflation and has support over a broad 
range of very different geometries and held configurations. It is therefore implausible that 
it predicts any global classical behaviour of geometry at all 20 . 

Of course all statements about probabilities in quantum theory are relative to some coarse 
graining. One needs a certain amount of coarse graining to have well-defined probabilities 
at all. Similarly any conclusion about the breakdown of classical behaviour in quantum 
cosmology is relative to coarse graining. In particular one can recover classical evolution 
by further coarse graining: If one sums over all fluctuation modes that leave the horizon in 
eternal inflation one recovers an approximately homogeneous background with small fluc¬ 
tuations on shorter scales. The NBWF probabilities of such coarse grained backgrounds 
will be specified by the actions of the corresponding homogeneous saddle points and predict 
classical evolution. We have argued this is a reasonable approach to compute predictions 
for local features of the universe, such as the pattern of CMB fluctuations [5]. We amplify 
on this in [32]. 

However the severe coarse graining needed to obtain classical behaviour in eternal inflation 
also means one loses all information about the global structure of the universe on those very 
large scales 21 . This emphasizes the need for a dual description in terms of more fundamental 
variables, perhaps based on holography, to get a better handle on the quantum physics of 
eternal inflation. 

20 See e.g. m for a similar conclusion reached from a different perspective. 

21 This is not unlike the situation for black holes where the coarse grained classical solutions (when viewed 
from the outside) contain no information about the interior structure. 
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VIII. DISCUSSION 


The conclusions of this paper are the implications of a quantum perspective on classical 
evolution summarized in points (a)-(d) listed in the Introduction, and illustrated by the 
various examples considered in this paper. 

It is an inescapable inference from the physics of the last nine decades that quantum me¬ 
chanics is fundamental and that classical physics is an approximation to it that emerges only 
in certain limited circumstances. Classical physics holds when the probabilities predicted 
by a system’s quantum state are high for histories exhibiting correlations in time governed 
by classical deterministic laws. In particular, classical spacetime is an approximation in a 
quantum theory of gravity holding in limited circumstances, or ‘patches’, specified by the 
quantum state. We should therefore not generally assume classical spacetime throughout, 
or classical backgrounds. Rather we should assume a quantum state and derive when and 
where the classical approximation holds in a background independent manner. 

It is common to assume that the classical approximation to quantum mechanics holds 
until the classical equations become singular or Planck scale physics is predicted by them. 
A lesson of this paper is that this assumption is not generally reliable. In the examples of 
barrier penetration, the growth of fluctuations, and bouncing universes we have seen there 
are quantum corrections to classical behaviour in regions of configuration space where the 
classical equations remain well defined. Black hole evaporation and eternal inflation may 
provide other examples where this is the case. If so, this has implications for the description 
of the physics of black holes and eternal inflation. We hope to return to these in more detail 
in future work. 
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Appendix A: Variables and Action for the Minisuperspace Model 

We use Planck units where h — c — G — 1. The minisuperspace of homogeneous, 
isotropic, closed three-geometries and spactial field configurations is spanned by the coor¬ 
dinates x 1 = 6, x 2 = x■ The Euclidean action I[g,&] is a sum of a curvature part Ic and a 


part /$ for the scalar field <F. The general form for the curvature action is: 

l c [g\ = -— [ d 4 x(g) 1 ^ 2 (R — 2A) + (surface terms). (Al) 

I6vr J M 

The general form for the matter action for a scalar field moving in a quadratic potential is: 

U[g, $] = l [ d 4 x(( 7 ) 1 / 2 [(V$) 2 + m 2 $ 2 ]. (A2) 

1 JM 

The integrals in these expressions are over the 4-disk with one boundary defining the NBWF. 
Homogeneous, isotropic, Euclidean metrics are represented as 

ds 2 = N 2 (X)dX 2 + a 3 (X)dn 2 3 . (A3) 

It proves convenient to also introduce rescaled measures H and </> as follows: 

H 2 = A/3, (A4a) 

(j) = (47r/3) 1//2< h. (A4b) 


The scaling for H is chosen so that the scale factor of a classical inflating universe is pro¬ 
portional to exp (Ht) — the usual definition of H. In these variables the Euclidean action 
takes the following simple form: 

7[a(A), 0(A)] = ^ J dXN /— a ~ a + H 2 a 3 + a 3 ^ j + m 2 (j) 2 1 (A5) 
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where r] = 37t/2, ' denotes d/dX, and the surface terms in (Al) have been chosen to eliminate 
second derivatives. The center of symmetry SP and the boundary of the manifold M have 
arbitrarily been labeled by coordinates A = 0 and A = 1 respectively. The overall constant 


r) means that the action (A5) agrees with the sum of (Al) and (A2) when evaluated on the 


metric (A3). 


Three equations follow from extremizing the action (A5) with respect to N, cj), and a. 
They imply the following equivalent relations: 


y i ~ I • H 2 a 2 + a‘ 


V 1 + m 


2 -2 


= 0 , 


a 3 N 


a 3 j^) — m 2 (j) = 0, 


n(n) + 2 a (tj) + a (n 2 + - 0 ■ 


(A6a) 


(A6b) 


(A6c) 


These three equations are not independent. The first of them is the Hamiltonian constraint. 
From it, and any of the other two, the third follows. Their solutions with boundary con¬ 
ditions of regularity at the center of the disk and values ( b , y) on the boundary determine 
the complex (fuzzy) instantons whose action gives the semiclassical approximation to the 


NBWF in (2.6). 

We write metrics for homogenous, isotropic Lorentzian cosmological geometries as [cf 

(AT) 


(2.1b) 


ds 2 = -N 2 (\)dX 2 + a A {X)d^i. 

The action for Lorentzian histories with metrics of this form is 

,/\ 2 


S[a(A),0(A)] = ! / d\N 


a 


-cl ( ) T a — T cl 3 




(AS) 


The resulting classical equations written in terms of of the proper time t defined by dt — NdX 
are: 

/rln \ 2 _ _ / rlrh\ 2 _ _ 

= 0 , (A9a) 


(s ) 2 + 1 -" v -“ 2 




l+mV=0 ’ 

^+2 O (^) 2 -«(// ! +mV 2 ) = 0. 


dt I 


(A9b) 

(A9c) 


These are the classical equations of motion for the model. 
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Appendix B: Parametrized Proper Time 


This appendix reviews the procedure for promoting the proper time coordinate t to the 
status of a dynamical variable. This is often called ‘parametrizing the time’ [fjj. It can be 
thought of as introducing a matter degree of freedom that exactly tracks the t coordinate 
— an ideal clock. 

We begin with a general form for the Lorentzian action defined on a minisuperspace 
spanned by coodinates x A \ 


S[N(X)px A (X)) = / dXN 

Jo 


1 (l dx A 

2 &AB {nHX 


1 dx B 

iv”Zx" 


V{x A ) 


(Bl) 


In the present case q A = (b,x) and Gab and V can be read off (A8) as : 


.22 


Gab = V diag(-6, b 3 ) 

V = ^[-b + b 3 (H 2 + m 2 x 2 )] 

Gab defines the DeWitt metric on minisuperspace. 


(B2) 


From the action (Bl) it is straightforward to compute the momenta pA conjugate to x A 
and the Hamiltonian H(pa,x a ). Neglecting a multiplicative factor of N the Hamiltonian is 

1 


H(pc,x c ) = 2 G ab (x c )paPb + V(x°) 


(B3) 


where G AB is the inverse metric to Gab■ The reparametrization invariance of the action 


(Bl) implies the constraint that this Hamiltonian vanishes which is the content of (A9a). 
We now turn to promoting the proper time to the status of a dynamical variable. Write 


the action (Bl) in terms of the proper time t using NdX = dt and a'/N = da/dt. Then let 


t be a function of a parameter £. The result is 


^( 0 ,^( 0 ] = / <%t 


x 


-G A b(x a ) -r -r ~ V(x A ) 


X 


(B4) 


where a dot means d/d£. If the reparametrization invariance is fixed by requiring t = const. 
so that t = N£ = then this action has a much more familiar looking form 


S P [x A (t )] = 


dt 


-G A b(x j 


dx A 

dt 


dx 


B 


dt 


V(x / 


(B5) 


22 These definitions of Gab and V differ from those used in mmm etc by incorporating factors of rj that 
would otherwise show up in the final equations in non intuitive ways 
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The action (B4) defines a reparametrization invariant theory with the dynamical variables 
( t,x A ) = (t,b,x)- From this it is straightforward to calculate the momenta ( Pt,PA )• One 
finds in particular 

Pt + H(p A ,x A ) = 0 (B 6 ) 

which is the constraint arising from reparametrization invariance. 

The quantum mechanics of this reparametrized theory is described by a wave function 


T = T(t,a: a ). This obeys an operator form of the constraint (B 6 ). To exhibit this with the 
factors of h in we momentarily revert back to G = c = 1 units where k has the dimensions 
of length squared. The constraint is 


ih dV(x A ,t) =H (_ in _d_^ x A | 


dt 


dx A ' 


= (--rv J + v(x A )) 


(B7) 


where V 2 is the Laplacian in the metric Gab(x A )- This has the familiar form as the 
Schrodinger equation. The explicit form of the equation is 


ih—— = 


U 2 i) 

P l 


1<9 2 T‘ 

262 

db \ 

, 9b) 

6 dx 2 


+ 77 [—b + b 3 (H 2 + m 2 x 2 )] v b. 


(B 8 ) 


To get back to Planck units just set ft — 1. 

The Hamilton-Jacobi equation that arises in the semiclassical approximation for the “en¬ 


ergy eigenstates” of (B 8 ) is found by replacing the momenta in (B 6 ) by derivatives of the 
action W and is 


Its explicit form is 


E= V - 

2 


E = H 


1 row 

b l db 


dW 
dx B ’ 


x 




2 1 {dW' 2 

+ 


b 3 \ dx 


+ 77 [-b + b 3 (H 2 + 7u 2 x 2 )] • 


(B9) 


(BIO) 


The explicit form of the reparametization fixed action (|B5|) is 

r-T 


S p [a(t),(f)(t)] = 


71 1 dt ^~ a {^ y + a ~ H2a3 + a3 


'0 


dcj) 

dt 


— m 


2/2 


(Bll) 


If this is evaluated along a curve of constant a we have 


S p [a(t), 4>(t)\ = c(a) H— / dt pa 3 

2 ./n 


d(j) 

dt 


— m 


2i2 


(B12) 
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where c(a) is function only of a. This is the action for a harmonic oscillator. 
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